Set Membership prediction of nonlinear time series

Mario Milanese and Carlo Novara!

Abstract. In this paper a prediction method for nonlinear time series based on a Set Membership (SM)
approach is proposed. The method does not require the choice of the functional form of the model used for
prediction, but assumes a bound on the rate of variation of the regression function defining the model. At the
contrary, most of the existing prediction methods need the choice of a functional form of the regression function
or of state equations (piecewise linear, quadratic, etc.) and this choice is usually the result of heuristic searches.
These searches may be quite time consuming, and lead only to approximate model structures, whose errors may be
responsible of bad propagation of prediction errors, especially for the multi-step ahead prediction. Moreover, the
method proposed in this paper assumes only that the noise is bounded, in contrast with statistical approaches,
which rely on noise assumptions such as stationarity, ergodicity, uncorrelation, type of distribution, etc. The
validity of these assumptions may be difficult to be reliably tested in many applications and is certainly lost in
presence of approximate modeling. In the present SM approach, using a result developed in [1], the values of the
bounds on the gradient of the regression function and on the noise can be suitably assessed to verify the validity
tests. Two almost optimal prediction algorithms are then derived, the second one having improved optimal
properties over the first one, at the expense of an increased computational complexity. The method is tested
and compared with other literature methods on the well known Wolf Sunspot Numbers series, widely used in the
time series literature as a benchmark test, and on the prediction of vertical dynamics of vehicles with controlled
suspensions. A simulation example is also presented to investigate how much conservative the SM approach may
be in the most adverse situation where data are generated by a linear AR model driven by i.i.d. gaussian white
noise and the SM prediction is compared with the optimal statistical predictor, which makes use of the exact

assumptions.

1 Introduction

Time series prediction is a fundamental problem in most fields of science and technology ranging from
signal processing [2, 3|, to coding [4], finance and economy [5, 6], hydrometeorology [7, 8, 9], weather
and climate [10], chemistry [11], production and distribution of goods and services [12]. Prediction plays
also an important role in control [13]. A huge literature is available, presenting various approaches and
methodology for its solution, essentially based on the identification of some model of the mechanism
generating the data and on the use of the identified model for prediction (see e.g. [11, 14, 15, 16]).

Consider a nonlinear dynamic system of the form:

1
y = Jo () (1)
where wt = [yt ..yttt gl owdTmE gt ket gttt € R f, R = R,on =
Ny + i) Ny
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A set of noise corrupted measurements g and w' of y* and w?, t = 1,2, ..., T is available and the aim

~T+k T+k

is to derive a prediction 7 of yT+* possibly giving “small” prediction error |[g7+F — yT+k|.

Since data are finite and noise corrupted, providing only limited information on f,, whatever prediction
ﬂTJrk

and on noise. Indeed, it is well known that determining a model from a finite set of data without any

is used, no finite bound on the prediction error can be derived if no information is available on f,

prior knowledge about the system is an ill-posed problem, in the sense that a unique model may not exist,
or it may not depend continuously on data [17]. The information on f, is typically given by considering
that it belongs to a finitely parametrized set of functions K = {f (p), p € R?}. Measured data are then
used to derive an estimate p of free parameters p and f (p) is used to make predictions. In some cases,
the knowledge of the laws governing the system (mechanical, economical, biological, etc.) generating the
data, may allow to have reliable information on its structure. In many other situations, due to the fact
that the laws are too complex or not sufficiently known, this is not possible or not convenient and the
usual approach is to consider black-box parametrizations. Basic to this approach is the proper choice of
the set of functions f (p), typically realized by some search on different functional forms, starting from
the simplest ones, such as linear models, possibly after nonlinear transformations of data (logarithmic,
square root, etc.) and moving to more complex ones, such as piecewise linear, bilinear, neural networks,
etc. [18, 19, 20]. This search may be quite time consuming, and in any case leads to approximate model
structures only. Evaluating the effects of such approximation on the propagation of the prediction error
appear to be a formidable problem, since most of the properties of prediction methods are derived under
the assumption that f, belongs to the chosen family of functions f (p), [11, 14].

In this paper we propose an alternative approach based on a Set Membership (SM) framework which
proved useful in linear systems identification with approximate models [21, 22, 23, 24, 25]. The approach
has connection with Information Based Complexity (IBC) methods for evaluating functionals of multi-
variable functions with bounded derivatives, from the knowledge of a finite number of their values (see
e.g. [26, 27, 28] and the references therein). In the IBC literature, noise free measurements are typically
assumed, and weaker optimality concepts are considered than the one of the present paper. The pro-
posed method does not assume to know the functional form of f,, but uses only some information on its
regularity, given by bounds on the gradients of f,. In this way, the problem of considering approximate
functional forms of f, is circumvented. Moreover it is assumed that measurements are corrupted by
bounded noise, in contrast with statistical approaches, which rely on assumptions such as stationarity,
ergodicity, uncorrelation, type of distribution, etc. The validity of these assumptions may be difficult to
be reliably tested in many applications and is certainly lost in presence of approximate modeling, when
fo & K = {f(p),p € R1}. The same assumptions of the present paper has been used in [1] for the
identification problem of finding an estimate f of f,, giving "small" L, identification error ||f, — fH P
As a matter of fact, the two problems are related, in the sense that they are two specific instances of the
general problem of making an inference on the unknown system, described by the operator I (f°, Wr),
where Wr= [wy,ws,...,wr]. Specifically, I (f°, Wr) = f° if the desired inference is the identification of
the unknown function f°, as considered in [1], and I (f°, Wr) = f°(wr) if the inference is one-step pre-
diction, as considered in the present paper. However, the two problems (identification and prediction)

are different problems with different solutions. In particular, the optimal solution of the identification



problem, derived in [1] does not provide optimal prediction. Indeed, in the prediction problem considered
in the present paper, finding an optimal algorithm appears to be difficult, as it often happens in SM-IBC
contexts [23, 26]. However, two almost optimal Nonlinear Set Membership (NSM) prediction algorithms
are derived, the second one having improved optimal properties over the first one, at the expense of
increased computational complexity.

The paper is organized as follows. In section 2, the prediction problem is formulated in the SM
framework, defining system and noise assumptions, prediction error, validation and optimality concepts.
In section 3, two almost optimal algorithms and upper and lower bounds on their worst case prediction
error are derived. Conditions are also given, under which such algorithms give actually optimal prediction
and their error bound are actually the minimal worst case prediction error achievable by any algorithm.
In section 4, the approach is tested and compared with other literature methods on the well known
Wolf Sunspot Numbers series, widely used in the time series literature as a benchmark test, and on the
prediction of vertical dynamics of vehicles with controlled suspensions. A simulation example is also
presented to investigate how much conservative the SM approach may be in the most adverse situation
where data are generated by a linear AR model driven by i.i.d. gaussian white noise and the NSM
prediction algorithms are compared with the optimal statistical predictor, which makes use of the exact

assumptions.

2 Nonlinear Set Membership prediction and optimality proper-
ties

In this section, the prediction problem is formulated in a Set Membership framework, see e.g. [21, 22, 23].
Consider that a set of noise corrupted data Y7 = [7%, 9%, ...,y7] and WwT = [@',w?,...,wT] generated by
(1) is available. Then:

gt = fo(@t) +d, t=1,2,..,T—1

where the term d* accounts for the fact y*™' and w? are not exactly known. The aim is to obtain an

estimate T t* T+k

of y , possibly giving small k—step ahead prediction error [§7+* — ¢T+F|,

It must be noted that no finite bound on the prediction error can be guaranteed, unless some as-
sumptions are made on the function f, and the noise d. The typical approach in the literature is to
assume a given functional form for f, (linear, bilinear, etc.) and statistical models on the noise sequence.
In the present SM approach, different and somewhat weaker assumptions are taken, not requiring the
selection of a functional form for f,, but related to its rate of variation. Moreover, the noise sequence

DT = [d',d?,...,d"] is only supposed to be bounded.

Prior assumptions on f,:
foe K={feC(W):|f(w)] <7, Ywe W}

where f’(w) denotes the gradient of f(w), ||z| = /> ;_, @7 is the Euclidean norm and W is a subset of
R,



Prior assumptions on noise:
DT eD ={[d",d,..d":|d|<et+~d" t=1,2,.,T}

where e* and 6* are the bounds on noises affecting y and w according to |yt — gt < et w! — @t < 5,

t = 1,2,..,T. The rational for this assumption is that d = 7'*1 — ¢+ + £ (w') — f,(w") and then
@] < |74 — | 7 ot —

|

A key role in this Set Membership framework is played by the Feasible Systems Set, often called

“unfalsified systems set”, i.e. the set of all systems consistent with prior information and measured data.
Definition 1 The Feasible Systems Set F.SST is:
FSST={fe K |yt —f(a")|<e' +75", t=1,2,..,T -1}

|

The Feasible Systems Set F.5S” summarizes all the information (measured data and prior information

on f, and noise d) that is available up to time T on the mechanism generating the data. As required in
any identification theory, the problem of checking the validity of prior assumptions arises. Indeed, the
only thing that can be actually done is to check if prior assumptions are invalidated by data, evaluating
if no unfalsified system exists, i.e. if FSST is empty. However, it is usual to introduce the concept of

prior assumption validation as follows:

Definition 2 Prior assumptions are considered validated if FSST # 0.

|
Necessary and sufficient conditions for checking the assumptions validity, are given below in theorem
1, which is reported from [1].

Let us introduce the following quantities:

f(w) = t:l?.i,nT—l (Et v = at”) (2)
flw) =, max (B =y lw - ")

where fi' = 1 + &t + 6" and hf = g+l — et — 46"

Theorem 1 [1]

i) A necessary condition for prior assumptions to be validated is:

f(a") >h' t=1,2,..,.T -1

it) A sufficient condition for prior assumptions to be validated is:

f@)>n t=12..,T-1



|
Theorem 1 can be used for assessing the values of €, 6" and ~, in order to have a non-empty FSS”.
In order to not require too much detailed information on bounds et, 5%, absolute or relative error models
for these bounds can be adopted, i.e. e =& V¢, 6" =6 Vt or et = ¢ [t1| vt, 6" = 6 ||w!| vt.
In the space (g,d,7), the function:

*(e,6) = inf 3
7" (,0) . (3)

represents a surface that separate falsified values of ¢, and ~ from validated ones. Clearly, ,§ and
must be chosen in the validated parameters region (see section 7 of [1] and the end of the next section
for some more details on the selection of these constants).

Let us now define the error of given prediction algorithm. For the sake of simplicity of exposition, let
us focus on one-step ahead prediction. A one-step ahead prediction algorithm ¢ is a function mapping
all available information until time 7" about data, function f, and noise d, summarized by FSS7T, into

the predicted value of y7+!:

y' = ¢ (FSST)
Its prediction error PE = [y — yT| = |¢ (FSST) — f, (w”) | is not exactly known, since it is
only known that f, € FSST and w” € Bs (@7) = {w : [[w—@7|| < §"}. Thus, the worst case prediction
error defined as:

WPE(g"™™) = sup sup | g7 = f (w”) |
FEFSST wT eBs(wT)

can be used as a measure of prediction accuracy.
Looking for prediction algorithms that minimize the worst case prediction error, leads to the following

optimality concepts.

Definition 3 A prediction §L ! is said optimal if:

WPE( 5™ = inf WPE (¢ (FSST)]
A prediction algorithm ¢° is called optimal if:
WPE [¢° (FSST)] = inf WPE (¢ (FSST)], vFSST

|

Thus, an optimal prediction algorithm gives optimal predictions for any available information up to
time T. As it often happens in SM-IBC theory (see e.g.[22, 23, 26]), finding optimal algorithms is in
general hard, motivating the interest of deriving simpler algorithms, at the expense of some degradation
in the prediction error with respect to an optimal algorithm. In particular, algorithms guaranteeing a
degradation in the prediction error of at most 2 are widely considered in the literature, and called "almost

optimal", according to the following definition.

Definition 4 : A prediction algorithm ¢°° is called almost optimal if:

WPE [¢* (FSST)] < 2inf WPE [¢ (FSST)], vFSST



3 Almost optimal prediction algorithms

In the identification problem investigated in [1], it has been shown that the function f. (w) = % [f (w) + f (w)]
is an optimal estimate of f,, in the sense that it minimizes the worst case L, norm ||f, — fe||p, Vp > 1.

In analogy to the statical setting, where optimal identification and prediction are strictly related, it
can be expected that prediction f.(w?) is optimal. Indeed, it will be shown that such a prediction is in
general only almost optimal and that optimality is reached under some conditions.

In order to formulate the results, we need to recall the notion of Hyperbolic Voronoi Diagrams (HVD),

a generalization of the standard Voronoi Diagrams, introduced in [1]. Consider the set of points:

Wt = @', w?, ..., 07

and a T x T antisymmetric matrix 1. Then define:

e The (n — 1)-dimensional hyperbola H™:

B2 (we R fu— @] - fw— @] =", 7}

e The n-dimensional region S*” containing w?:

ST={weR": |lw—a@'|| - w—aT|| <y, t #7}

e The hyperbolic cell C*:

Ct - ﬂ gtT

T#t
Note that some cell C* may be empty. The intersections between the surfaces H'™ generate other

cells of dimension d, with 0 < d < n — 1 called d-faces. The cells C? are called n-faces while the 0-faces

are also called vertices.
Definition 5 The Hyperbolic Voronoi Diagram V (WT, 77) is defined as the set of all d-faces, 0 < d < n.

|
If '™ = 0, V¢, 7, all hyperbola H'™ degenerate into hyperplanes and the definitions become the ones

of standard Voronoi diagrams [29].
Now, for given f and J defined in (2), consider the HVD V and V defined as:

1% (WT,ﬁ)

= v (W)

< <l

where 770 = (ET —Et> /v, Tt = (ﬁt —h") /. Let Ut, t =1,2,...,T — 1 be the cells of V and C",
t=1,2,....,T — 1 be the cells of V.

From Theorem 4 of [1] it follows that, for w belonging to a non-empty cell 6t, the function f (w) is
given by the cone in ™ x R defined by the equation y = o+ v |[Jw — wt||, with vertex of coordinates

(@t,ﬁ) and axis along the y-dimension. Since the non-empty cells of V give a complete partition of the



regressor space R", f is a piece-wise conic function over a suitable partition of " that can be derived
from the HVD V. Indeed, the intersection of two cones y = T+ Yllw—at| and y =%+~ |lw—a7,
projected on R™ gives the hyperbola 7 = {fweR": |w—wt| — |lw—wT|| =77, t # 7} that define
the HVD V. Similar considerations hold for the relation between fand V.

Figure 1: Example of optimal upper bound f(w).

In Figures 1 and 2 the function f and the cell partition of V are reported for an example, with
w = (w1, ws) € R2. Note that because of the piece-wise conic nature of f, the level contours of f in each
cell are circular.

We are now in the position of formulating the main results of the paper, related to the derivation of two
almost optimal algorithms and upper and lower bounds on their worst case prediction error. Conditions
are also given, under which such algorithms give actually optimal predictions and their error bound are
actually the minimal worst case prediction errors achievable by any algorithm.

Since from Theorem 3 of [1], it results that the non-empty cells of a HVD give a complete partition
of ®", it follows that @w” belongs to one specific cell of the HVD V and to one specific cell of the HVD
V, i.e. 3%t such that v’ € {61 and w’ € [Qﬂ , where 6? and Ct are hyperbolic cells of HVD V and

V., respectively. Let us define the following quantities:

T - +5T wT %3 wT . +5T U}T—ﬂ)/t (4)
|[w? — wel| [l — wy|

7 ) 2T @) " g @) = g @) "

which are needed in the proof of theorem 2 and in the formulation of theorem 3.

w

Theorem 2

i) The prediction algorithm:
5 (FSST) =



Figure 2: Level curves of f(w) and corresponding HVD V.

18 almost optimal, with prediction error bounded as:

WPE [¢7 (FSST)] < 5 [F (@) = £ (@")] + 70"

N =

i) If Bs (@T) - c'n C%, then the prediction yI 1 = ¢ (FSST) 18 optimal with minimal worst case

prediction error given by:

WPE 65 (FSS™)) = 1 [F (a7) - £ (@")] + 76"

N =

Proof.

Let us define the following functions:
I (@0") = infyep, @) infpe pogr f(w)
f(@T) = supycp, ) supsepssr f(w)

Clearly, f* (w”) and 7 (w™') are the tightest lower and upper bound of y* ' = f, (w”):

[ @) < fo (wh) < T (@7)

As well known from Set Membership theory (see e.g. [21, 22, 23]), the prediction:

| R —% . o
T= S | @) + T @7)] = ¢ (sST) (6)
is optimal with worst case prediction error given by:
1 =2, . [~
WPE[s (FSST)] = 5 [T (@) - £ (@)



In order to show that ¢f (F.SST) is almost optimal, first we note that from Theorem 2 in [1] we have

that the functions f (w) and f (w) defined in (2) are the tightest lower and upper bound of f,(w), i.e.:

(w) = SUPfcFssT f(w)

(w) = infrcpgser f(w)

[~ =l

Thus, from (5) it follows that:

(@) < f(@7) <ot (FSST) < T (w") < T (a7)
From these inequalities and (6) it results:

WPE [¢] (FSST)] =
85 (FSST) =T (@) ot (F5ST) — £ (@) <
<F (@) - f* (@T) = 2WPE [¢° (FSST)], VFSST

:max[

i.e. the algorithm ¢ (F SST) is almost optimal.

In order to prove the remaining part of claim i), we now show that:

[ @) < f7 (@)
T @) =7 (@7)

First, note that @’ and w”, defined in (4), are the solutions of the following optimization problems:

(7)

—T ~7
W = argsup,,cp. (a7 ’w —w
. 6( ) N (8)
wr = argsupweBé(ﬁz) H’UJ — UJLH
Suppose that w! € 6t, then:
@) = sw T =T@") =
weBs(wT)
= F@")+y" =7, (@")
At the contrary, if W’ ¢ 6t, we have:
F @) = sw fw)<
weBs(wT)

< sup (Et—l—'wa—@{
weB;s(wT)

):

= Et—f—’y

_ EﬁvH@T —@|| + 407 = F, (@7)

Analogously it can be proven that £ (@T) <f (@T) .
From (7), it follows that the worst-case prediction error of ¢{ (F.SST) is bounded as:
WPE [¢5 (FSST)] =
o5 (FSST) —f (@”
< max ||¢f (FSST) = T, ("
=3 [F(@") = £(@")] +~0"

)
)|

:max[

¢ (FssT) - 1 (@7)|] <
¢ (PSST) - £, (@")|| =

)
3




If Bs (@T) - 6? N Ct, then:

7 @) = sup F(w)=F(@")+~0"
’UJEB(;(’LUT)
* (~T — . _ T T
F@) = et flw)= (@) -0
WPE (65 (FSST)] = 5 [T (@") - £ (@7)] +167 =

= S [F @) - @)
Then, from (6), yI 1 = ¢ (FSST) is an optimal prediction with prediction error given by % F (ﬁT) -f (@T)} +
o7
|
By exploiting more carefully the properties of the HVD V and V., a somewhat stronger result can be
obtained. Let V(w") the set composed of @' and the vertices of the HVD V contained in Bs (ﬁT) and
Y(w”) the set composed of w” and the vertices of the HVD V. contained in Bs (w”). Let us define the

following functions:

T gwed
: max,, .3 f(w)  otherwise
panel L e

- mingeygr) f (w)  otherwise

Theorem 3
i) The prediction algorithm:
o5 (FSS™) = 3 [£, @) + T, (@7)]
18 almost optimal, with prediction error bounded as:
L [T ") - £, (7)) =
= WPE [ (FSST)] <

<WPE [¢5 (FSST)] <

<WPE [¢5 (FSST)] =
= max [|¢; (FSST) — £, (@") |, 165 (FSST) — T, (@) |}
it) If WPE [¢>§ (FSST)] =WPE [(;55 (FSST)], then the prediction yI +1 = ¢35 (FSST) s optimal with

minimal worst case prediction error given by:

WPE g5 (FSST)] = © [ (") — £ (@")] + 76"

N | =

Proof.

At first we show that:
L, (@) = [7 (@)
Fi@") <7 (@)

10



where f * and 7* are given by (5) in the proof of theorem 2.
Suppose that w! € C'. From theorem 4 of [1] and from (8) in the proof of Theorem 2, it follows

T(ET) = SUP,, ¢, () (ﬁ+’y Hw —at ) Since (2) implies At + ~ Hw — @ > F(w), Yw € W, then
f @) = supweBé(u;T)f(w). Thus, if w? € U?, we have:
T = sw Fw=T@) -
weBs(wT)

= f@") +v" =7, (@)
At the contrary, if w" ¢ ﬁt, we have:

7* (@T) = sup f(w) >
weBs(wT)

> max f(w)= 7l ({UVT)
weV(wT)

Analogously, it can be proven that iu (@T) > fr (@T) .
From (9) and from the definition of ¢35 (F/SST) it results that:

f*(@") < o5 (FSST) < T (@")

Then, the worst-case prediction error of ¢5 (F SST) is bounded as:

WPE [(;55 (FSST)] =
95 (FSST) =T (@7)| |65 (FSST) - 1 (@7)]] <
<F (@) - f*(@T) = 2WPE [¢° (FSST)], VFSST

:max[ ’

where the last equality follows from (6) in the proof of Theorem 2.
Thus the algorithm ¢§ (F SST) is almost optimal.
From (9) it also follows that:

WPE [¢5 (FSST)] =

o5 (FSST) —F (@7) ], |¢s (FSST) — f* (@T)u >
> max [|¢5 (FSST) = T, (@7)] |65 (FSST) - £, (@7)|] =
>3 [7 @) — £, (@7)] = WPE [¢5 (FSST)]

max |:

The lower bound of the prediction error of ¢5 (F S ST) is then derived. Now the upper bound is proved.
From (7) in the proof of Theorem 2 it follows that:

WPE [¢5 (FSST)] =
= max [ o5 (FSST)
< max [’¢§ (FSST)
=WPE [¢5 (FSST)]

(@)].[¢5 (FSST) - £ (@")|| <
(@], |05 (F$ST) - £, (@[] =

_?*
_Tu

Now suppose that
WPE [¢5 (FSST)] = WPE [¢5 (FSST)]

11



This happens only if:

@) =7 @") =7, (@")
[ (@) = (@) = 1, (@)
These equalities imply that:
1=« , o £ [~
WPE (45 (FSST)] = £ [T @) - * (@")]
Then, from (6) in the proof of Theorem 2, yI ! = ¢ (F SST) is an optimal prediction with prediction
error given by:
1=, ~
WPE o5 (FssT)] = 5 [7,(@") -1, (@")] =
1 ~ ~
g @) - @) st

[ |
Remark 1

It can be noted that the condition WPE [¢] (FSST)] = WPE [¢5 (FSST)]| under which the pre-

T+1
P =

diction y, o5 (F S ST) is optimal can actually be met. In particular, it is certainly met if By (iET) C
' net.

Remark 2

It can be proved that the worst-case prediction error of ¢ is better or equal than the one of ¢35, i.e.
WPE [¢5 (FSST)] < WPE [¢f (FSST)]. Moreover, the condition ii) in Theorem 3 for the prediction
o5 (F SST) to be actually optimal can be easily checked. These interesting features are paid at the
expenses of an increase of computational complexity with respect to algorithm ¢7, since algorithm ¢
requires the computation of the vertices of the Hyperbolic Voronoi Diagrams V and V.

|

In summary, the proposed NSM prediction method can be performed through a procedure consisting
of a preliminary off-line phase, in which the parameters v,~,e,0 are chosen, and of an on-line phase,
performed at each time step T, in which the prediction 7! is evaluated.

Off-line phase: model calibration

1) Let [1,T,5¢] be the time interval on which the off-line computation is performed and let the set of
data recorded in this interval be called identification data set. Partition the identification data set in two
parts. The first part, composed by data from 1 to T, < T, ¢, called estimation data set, is used in steps
2 and 3. The second part, composed by data from T, 4 1 to Tysy, called calibration data set, is used in
step 4 for the selection of v, e, § values.

2) Perform a preliminary rough estimate f, (w) of f, (w) by some identification method.

3) Compute by means of theorem 1 the surface v* (g,0) defined by (3) on a suitable range of values
of (g, 9).

4) Select (v,e,d) values in the validated region. A reasonable choice is ¥ = max,ey ||fL(w)||, € =
accuracy of device used for y* measurements and 3 in the validated region, giving the minimum of
RMSE (6,7,%), where RMSE (8,7,¢) is the prediction error of the predictor §'™' = ¢¢ (FSS¢) | t €
[T. + 1,T,5¢| obtained from theorem 2 or 3.

12



On-line phase: prediction

Suppose that data have been recorded up to time 1" > Ty, ¢¢. The NSM predictor of yT+1 is:

gt = ¢° (FSST)

where ¢¢ (FSST) is obtained from theorem 2 or 3 using the selected values 7,2, 3.
|
Some issues, regarding extensions and improvements of the proposed prediction method are now

briefly discussed.

e In the on-line prediction, the time needed to evaluate 77 1 = ¢° (F SST) increases (linearly) with
time 7. As a consequence, for large values of T the predictions may be not computable within the
required time. When this situation occurs a simple solution is to use a windowing technique making
use of a constant number of data, excluding the oldest measurements. Note anyway that quite large
amount of data can be actually processed before windowing is required. For example, the online
computing time required for prediction using 10000 data is about 3 ms on a 2.8 GHz computer.
Thus, the online computational burden may be an issue only for problems where the required times

for prediction are very small.

e In the paper and in the above described procedure, given values of regression orders 7y, n1, ... ,
are considered. In practical applications, these values are seldom known and have to be suitably
chosen. Several approaches have been proposed in the literature for this task [20, 18, 30]. In the
examples presented in section 4, we used the simple and widely used approach of performing the
identification for different choices of regression orders, evaluating for each identified model an index
of its predictive ability and choosing the regression orders giving the best index. In the presented

examples, the index is RMSE (3, W,E).

e Using the same approach described above for one-step ahead prediction, almost optimal algorithms

for k-step ahead prediction can be obtained using a model structure of the form:

As typically done in statistical prediction methods, a k-step ahead prediction can be obtained
by iterating k£ times the one-step ahead prediction. However, no optimality properties can be

guaranteed for such a prediction.

e As it happens in other prediction methods, also in the present approach, selecting suitable scalings
of regressors in order to adapt to the properties of data may prove very useful. An "optimal" scaling

is proposed in Lemma 1 of [1].

e So far a global bound || f](w)| <+ over all W is assumed. However, a local approach, able to deal
with a variable bound || f/(w)| < v(w) may be expected to give (possibly significant) improvements
in prediction accuracy. This is similar to what done in identification of piece-wise linear model,

where partitions Wy, are looked for, over which f,(w) can be considered approximately linear, i.e.
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fh(w) ~ const., Yw € Wy, (see e.g. [31, 32, 33, 34]). However, finding such partitions may be not an
easy task. A very simple alternative approach leading to variable gradient bound assumptions on
fo (see [1]), is based on the evaluation of a function f, approximating f,(using any desired method,
e.g. the SM one proposed in this paper assuming global gradient bounds) and on the application

of the method described in this paper to the residue function, defined as:
fa (w) = fo(w) = fa (w)

using the set of values:
Ayt =gt — f (0", t=1,2,..,T -1

4 Numerical results

In this section three examples are presented. In the first one, prediction of the well known Wolf Sunspot
Numbers series is considered. The prediction performances obtained by the proposed method for this
real world series, widely used in the literature as a benchmark test, are compared with those provided
by neural network predictors and by other linear and nonlinear predictors taken from the literature.
In the second example, a predictor for the vertical acceleration of a quarter-car system with controlled
suspensions is estimated. The predictor is tested in prediction over a time horizon required for model
predictive control design. In the third example, prediction of time series generated by a linear AR system
of order 2 driven by gaussian noise is considered. This example is aimed to evaluate the degree of
conservativeness of the prediction performances of the NSM method, compared with those provided by
optimal statistical predictors, which in this simulated example can be actually derived, since the models

used for the statistical predictors have exactly the same structure of the data generation mechanism.

Example 1: Wolf Sunspot Numbers

The Wolf Sunspot Numbers time series shown in figure 3 is considered. This set of data, limited to
year 1892, has been chosen because widely used as a benchmark in the time series literature [11, 12, 35].
The time series, consisting of 123 data, has been divided into an identification set, formed by the first
100 data and a forecasting set, composed by the remaining 23 data. The identification set has been used
to estimate the predictors of the various methods. The forecasting set has been used to evaluate the
prediction performances.
Nonlinear Set Membership Global predictor NSMG1 1
The one-step ahead predictor NSMG1 1 has been obtained assuming a model structure of the form:
yr = f (')
wt = [yt yt=1 yt=2 ut]
with u® = 0, ¢ = 0. It can be noted that better results could be obtained by using a higher number
of regressors. We have made this choice to make a fair comparison with the methods presented below,
which use a regressor order up to 4.
A global bound || f/(w)|| < v on the norm of f/ and an absolute noise bound ¢ have been considered.

Then, the procedure described at the end of section 3 has been applied. The validation curve is shown
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Figure 3: Example 1: Wolf sunspot numbers time series. 1770-1869 (bold line): estimation set. 1870-1892 (dshed

line): forecasting set.

in figure 4. The values 5 = 5,4 = 5.5, have been chosen. It can be noted that the choice of these
values is not very critical. This can be seen in figure 4 where the Root Mean Square Errors (RMSE)

of the one-step ahead predictions on the forecasting set corresponding to different values of § and « are
reported. The NSMG1 1 predictor is:

P = fo (@) = ¢ (FSST)

where ¢ (F SST) is computed from theorem 2, using the above values of v and 4.

11

10

RMSE=14.8 VALIDATED ]

selected point

© RMSE=14.6
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RMSE=18
1 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Figure 4: Example 1: validation curve for predictors NSMG1 1 and NSMG2_ 1.

Nonlinear Set Membership Global predictor NSMG2 1
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The NSMG2 1 predictor is:
JT = [ (@T) = ¢5 (FSST)

where ¢ (FSST) is computed from theorem 3, using the same assumptions as for predictor NSMG1_1.
Nonlinear Set Membership Local predictor NSML 1
The one-step ahead local predictor NSML 1 has been obtained assuming a model structure of the

form:

w' = [y
with ut = 0, € = 0. The local approach described in [1] and at the end of section 3 has been used with
fa (W) = f&; (w'). The procedure described at the end of section 3 has been applied to the residue time

series y' 1 —

fa (@), t=1,2,..,T —1 assuming a global bound on the norm of f4 and an absolute noise
bound 4. The regressors have been scaled as indicated in Lemma 1 of [1]. The values 5, =1, 7, =0.2
have been chosen as indicated in step 4.

The NSML 1 predictor is:

7T = fly (@7) + 95 (FSST)

where ¢7 (FSST) is evaluated from theorem 2 by using the chosen values of 6, and ~,..
Nonlinear Set Membership Global predictor NSMG 11
The direct 11-step ahead Nonlinear Set Membership predictor NSMG 11 has been obtained assuming

a model structure of the form:

g = f (W)

wt = [yt yt=2 yt=t Lyt 12 ]
with ! = 0, ¢ = 0. A global bound ||f/(w)|| < 7 on the norm of f/ and an absolute noise bound §
have been considered. The procedure described at the end of section 3 has been applied, based on the

evaluation of the validation curve v* (§) shown in figure 5. The chosen values are 5 = 5 7 =17 The

NSMG 11 predictor is given by:
@\T—I—ll — fél (aT) — ¢§ (FSST)

where ¢ (F SST) is computed from theorem 2, using the above values of v and 4.
Nonlinear Set Membership Local predictor NSML 11
The one-step ahead local predictor NSML 11 has been obtained assuming a model structure of the

form:
y'tt=f (w')
wt = [yt yt=2 yt=t oyt 12 ]
with u! =0, e = 0.
The local approach described in [1] and at the end of section 3 has been used with f, (w') = f&} (w?').
The procedure described at the end of section 3 has been applied to the residue time series ' — £, (w'),

t =1,2,...,T — 11 assuming a global bound on the norm of f} and an absolute noise bound §. The
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Figure 5: Example 1: validation curve for predictor NSMG _ 11.

regressors have been scaled as indicated in Lemma 1 of [1]. The chosen values are o =1, v, = 1. The
NSML 11 predictor is:
§TH = 3 (@) + o (PSST)

where ¢ (F SST) is evaluated from theorem 2, using the chosen values of ¢, and ~,.
Neural Network predictor NN 1
The Neural Network predictor NN 1 has been obtained by considering a model of the form:

1 — ) (ot
y P (w') (10)
wt = [yt yt=! yt=2]
where the function 1 is a one hidden layer perceptron (see e.g. [36, 37]) composed by r neurons:
Y (w) = Z%’G (Byw —Xi) +¢ (11)
i=1

Here a;, A, ¢ € R, B3; € R, are parameters and o (z) = 2/(1 + e~2*) — 1 is a sigmoidal function.

Several neural networks of the form (11) with different number of neurons (from r = 3 to r = 20)
have been trained on the identification set. A neural network composed by r = 8 neurons, showing good
performances in one-step ahead prediction, has been chosen for the predictor (10).

Neural Networks predictor NN 11

A Neural Network predictor NN 11, tuned for 11-step ahead prediction has been obtained by con-

sidering a model of the form:

v =9 ()

t—1 t=ny+1)

(12)
w =y Yty

where the function 1 is a neural network of the form (11). The 11-step ahead prediction is obtained by
iterating the equation (12).
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Several neural networks of the form (12) with different number of neurons (from r = 3 to r = 20)
and different order of regression (from n, = 2 to n, = 14) have been trained on the identification set. A
neural network with » = 8 neurons and with n, = 6 regressors, showing good performances in multi-step
ahead prediction, has been chosen for the predictor (12).

Several neural networks were also trained in order to obtain a direct 11-step ahead predictors of the
form y!t11 = 4 (w') but no satisfying results were obtained. This fact is probably due to the problem of
local minima of neural networks risk function. Indeed such problem is usually relevant in case of strong
nonlinearities and of large noise.

AR predictor [11]

This predictor is based on an autoregressive linear model of order 2.

Bilinear Predictor BL [35]

The BL predictor is based on a bilinear model.

SETAR predictor [3§]

The SETAR predictor is based on a threshold autoregressive model.

Optimal Error Predictor OEP [21, 39]

The OEP predictor is obtained by a linear Set Membership approach.

Group Method of Data Handling predictor GMDH [40, 39]

GMDH is a nonlinear predictor, based on polynomial approximation. The original idea has been
proposed in [40], and has been developed by several other authors. Here we show the results obtained in
[39].

|

In table 2 the performance of the considered predictors on the forecasting set are reported. RMSE},
and M AXEy with kK = 1,11 indicate the Root Mean Square Error and the Maximum Error in Absolute
Value in the k-step ahead prediction.

Predictor H RMSE, | MAXE, | RMSE,, | MAXE,,

NSMG1_1 14.6 28 27.9 54
NSMG2_1 12.9 25 na na
NSML_ 1 13.8 27 26.6 65
NSMG_11 na na 19.9 45
NSML 11 na na 17.7 45
NN _ 1 14.2 34 36.0 84
NN 11 na na 234 63
AR 18.0 47 32.6 81

BL 16.6 46 32.6 81
SETAR 16.1 44 35.0 76
OEP 14.8 38 214 47
GMDH 14.7 42 29.4 81

Table 1. Example 1: one-step and 11-step ahead prediction errors
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From these results, it can be noted that significant improvements are obtained by NSM predictors
over the other methods, especially for 11-step ahead prediction.

It can be also noted that the performances of predictor NSMG2 1, making use of algorithm ¢§
(theorem 3) are not significantly better than the ones of predictor NSMG1 1, making use of ¢ (theorem
2), suggesting that it may be not worth to use ¢5 instead of the computationally simpler ¢7. Thus, in

the next examples, only algorithm ¢7 will be used.

Example 2: Quarter-car acceleration prediction

This example is related to prediction of vehicles vertical dynamics, an important tool in the automotive
field, in view of the increasing diffusion of controlled suspension systems. Indeed, accurate prediction
models may allow efficient control systems design through Model Predictive Control (MPC) methods.

Simulated data obtained by the quarter-car model with controlled semi-active suspensions shown in
Figure 6 have been considered in this example. NSM identification of half-car model using experimental

data is reported in [41] and [42].

.

Chassis _—

Suspension G I'S
le————

p!"

Figure 6: Example 2: The quarter-car model.

The quarter-car model, called for short “true system”, has been implemented in Simulink in order to
obtain data simulating a possible experimental setup, characterized by type of exciting input, experiment
length, variables to be measured and accuracy of sensors. The vehicle is assumed to travel in a constant
speed V = 60 Km/h. The main variables describing the model are: road profile p,., suspension control
current is, chassis vertical acceleration a.. It is considered that the road profile p,.(t) is known, that
current i4(t) can be measured with a precision of 3.75% and that the variable a.(¢) can be measured with
a precision of 5%.

The chassis, is simulated as rigid body. The following static nonlinear characteristic has been assumed
for the tire:

Fy (t) = Fig (Apy () + B1Av: (1)
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where F} is the tire force, Ap; and Aw; are the differences of position and velocity at the extremes of
tire, 8, = 10000 Ns/m and Fig (Ap;) is shown in Figure 7b. The following nonlinear characteristic has

been assumed for the controlled suspension:
F2 (t) = KQApQ (t) + FQD (AUQ (t) ,Z(t))

where F3 is the suspension force, Aps and Aw, are the differences of position and velocity at the extremes
of suspension, ¢ is the control current, Ko = 17200 N/m, Fap (Awvs,4) is shown in Figure 7a for the two

extreme values 7 =0 A and ¢ = 1.6 A.
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Figure 7: Example 2. a) Force-velocity chracteristic Fop of suspension. b) Force-displacement characteristic

Fi g of tires.

A data set has been generated from “true system” simulation, for a period of 24 seconds, using a
random profile with amplitude < 4 cm. The data set consists of the values of p,, is and a. recorded
with a sampling time of 7 = 1/512 sec. The sequence of each measured variables is composed of 12280
samples. The values of a. have been corrupted by uniformly distributed noises of relative amplitude 5%
and the values of i, have been corrupted by uniformly distributed noises of relative amplitude 5%. The
data set related to the first 20 seconds, called identification data set, has been used for off-line procedure.
The data set related to the last 4 seconds, called validation data set, has been used to test the prediction
accuracy of identified models. The experimental setup simulated here has been chosen because not too
complex to be realized in actual experiment on real car, [42].

Two predictor, relating front chassis accelerations to the road profile at the sampling times, have been

obtained from the identification data set considering a model of the form:

y = (w)
wh =y ey uf gt b

with y* = a.(t7), u} = p, (¢7) and ub = i5(¢t7). The regressors orders n, =4, ny = 2, ny = 1 have been
chosen as described at the end of section 3.

Nonlinear Set Membership Local predictor NSML

The predictor, called NSML, has been derived by means of the local approach mentioned at the end

of section 3 with f, (w) = 07w, where 0 is the coefficients vector of an ARX model estimated by means
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of the least squares method. The procedure described in section 3 has been applied to the residue data
Ayttt = g+ —9T@t ¢ = 1,2,...,12280. The 7680 data corresponding to the first 15 seconds of the
identification set have been taken as estimation set, the 1536 data corresponding to the last 5 seconds
have been taken as calibration set.

The regressors have been scaled, according to Lemma 1 in [1]. A bound || fA (w)|| < 7, on the gradient
of residue function fa (w) = f, (w) — fo (w) and a relative noise bound |d*| < e,|Ay* Y| + 7,.6, [|[w!]], Vt,
have been assumed. The values g, = 0.2, 37, = 1.2 and 74, = 0.67 have been chosen, according to the
procedure described in steps 3 and 4 of the off-line phase and using the residue data Ay’. The NSML
predictor is based on the model:

gt = £, (wt) + o (FSSt)

where ¢f (F'SS?) is evaluated from theorem 2 by using the chosen values of ¢, d, and 7.

Neural Network predictor NN

The Neural Network predictor NN has been obtained by considering a one hidden layer perceptron
(see e.g. [36, 37]) of the form (11). Several neural networks of such form with different number of neurons
(from r = 3 to r = 20) have been trained on the identification set. A neural network composed by r = 6
neurons, showing good performances in multi-step ahead prediction, has been chosen.

|

The NSML and NN predictors have been tested on the validation set, evaluating their predictive
ability over the time horizon that may be required for MPC design, i.e. k = [1,150]. In Figure 8, a
typical comparison between “true” data and of the ones predicted by the NSML and NN predictors are
reported, showing that NSML model can be reliably used for MPC design.

Example 3: Is the SM approach too conservative?

As argumented in the paper, and confirmed by the previous examples, the fact that the SM approach
makes use of quite weak assumptions may be a key feature for cases where reliable information on the
regression function and on noise is not available. However, it may be guessed that the SM approach could
give very conservative results when reliable information on the parametric structure of the system and
on noise statistics is available.

In order to have some hints on this point, a most adverse situation for SM approach is simulated in
this example: data are generated by a linear AR model driven by i.i.d. gaussian white noise and the NSM
predictors are compared with the optimal statistical predictor, which makes use of the exact assumptions.

A Montecarlo simulation composed by 200 time series of 150 data was generated by the equation:
Y =147 4 1.425y" — 0.731y" " + o

where d' is a gaussian white noise of variance 0% = 50. Note that this is the AR model derived in [11]

for the prediction of the Wolf Sunspot Numbers. The time series have been divided into an identification

set of 100 data, used for constructing the different predictors, and a forecasting set of 50 data, used for

their prediction accuracy evaluation. For each time series, the following predictors have been derived.
Nonlinear Set Membership Global predictor NSMG 1
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Figure 8: Example 2. Chassis accelerations: “true” (solid line), predicted by NSML model (dotted line), predicted
by NN model (dashed line).

The one-step ahead predictor NSMG 1 has been obtained assuming a model structure of the form:

with ut =0, € = 0.

A global bound || f/(w)|| <+ on the norm of f! and an absolute noise bound ¢ have been considered.
The procedure described at the end of section 3 has been applied and the values 5 = 15, 7 = 2, have been
chosen. The NSMG 1 predictor is:

@\T+1 —_ fé (aT) — ¢(13 (FSST)

where ¢f (F'SS?) is computed from theorem 2, using the above values of v and §.

Nonlinear Set Membership Global predictor NSMG 11

The direct 11-step ahead predictor NSMG 11 has been obtained assuming a model structure of the
form:

J = g ()
wt = [yt yt=! ]
with ut! =0, e = 0.

A global bound || f/(w)|| < v on the norm of f/ and an absolute noise bound ¢ have been considered.
The procedure described at the end of section 3 has been applied. The chosen values are: 5= 13,7 = 2.1.
The NSMG 11 predictor is:

g+l — pll ({DT) s (FSST)
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where ¢ (F SST) is computed from theorem 2, using the above values of ¢ and ~.
Nonlinear Set Membership Local predictor NSML 1
The one-step ahead local predictor NSML 1 has been obtained assuming a model structure of the

form:
y = f(w')
wt = [yt yt=! ul]
with ut =0, e = 0.

The NSML 1 predictor has been derived using the local approach mentioned at the end of section 3
with f, (w?) = f& (w'). The procedure of section 3 has been applied to the residue time series y**1 —
fo (@), t =1,2,...,T — 1 assuming a global bound on the weighted norm of f) and a absolute noise
bound §. The regressors have been scaled as indicated in Lemma 1 of [1]. The values 0, =5, 7, =03

have been chosen. The NSML 1 predictor is:
g = fE (") 4 95 (FSST)

where ¢ (F SST) is evaluated from theorem 2 by using the chosen values of ,. and ~,..
Nonlinear Set Membership Local predictor NSML 11
The direct 11-step ahead predictor NSML 11 was obtained assuming a model structure of the form:

g = f ()

wt = [yt yt=1 ut]”

with ut =0, e =0.
This predictor has been derived using the local approach mentioned at the end of section 3 with
fa (w') = fL (w'). The procedure described in section 3 has been applied to the residue time series

St+11
er _

have been scaled as indicated in Lemma 1 of [1]. The values 0, = 4, 7, = 0.3 have been chosen. The

NSML 11 predictor is:

fa (@), t=1,2,..,T — 1 assuming a global bound on the weighted norm of f}. The regressors

gT+11 — fé‘l ({ET) + Qb(i (FSST)

where ¢ (F SST) is evaluated from theorem 2 by using the chosen values of §,. and ~,..
Linear Autoregressive predictor AR

This predictor is based on a linear AR model the same structure of the system generating the data:

Yy =a0 +ary —ay' +d

The parameters ag, a; and as and the variance of d° have been derived on the identification set using the
Matlab Identification Toolbox.
|
In table 1 the results obtained from the 200 experiments are reported. The root mean square errors
and the maximum prediction errors in absolute value evaluated on the forecasting set and averaged over
the 200 realizations of the time series are indicated with RMSE), and MAXE), for the k-step ahead
prediction, with £ =1, 11.

23



Predictor H RMSE, \ MAXE, | RMSEy, | MAXE,,

NSMG 1 8.9 23 19.2 46
NSMG 11 - - 19.4 45
NSML_1 8.5 22 19.5 47
NSML_ 11 - - 18.8 43

AR 7.2 18 17.9 43

Table 1. Example 3: one-step and 11-step prediction error averages.

In this simulation example, the AR predictor gives “optimal” one-step ahead prediction performance,
since the data are actually generated by the linear model structure and statistical noise assumptions
used for model identification. The results of table 1 shows the interesting fact that the NSM predictors,
though not using such strong informations on data generating mechanism, do not exhibit a significant

deterioration in the prediction performances.

5 Conclusions

In the paper, a prediction method for nonlinear time series has been presented, based on a Set Membership
approach, requiring quite weak assumptions on noise and on involved nonlinearities. At difference with
most of methods in the literature, the NSM method does not require to know the functional form of
nonlinearities, thus reducing the effects of modeling errors on the propagation of prediction errors, allowing
to increase the horizon on which reliable predictions can be made. Moreover, the noise is assumed only to
be bounded, in contrast with standard approaches, relying on statistical assumptions such as stationarity,
uncorrelation, etc., whose validity is difficult to be reliably checked in many applications and anyway is
lost in presence of approximate modeling. On the base of these theoretical features, it is expected that
the proposed predictors may have good performances, especially for the multi-step ahead prediction, and
exhibit good robustness versus imprecise knowledge of involved nonlinearities and of noise properties.
These expectations appear to be confirmed by the presented numerical results. Indeed, in the case of
the Wolf Sunspot Numbers series, widely used in the literature as a benchmark test, the NSM predictors
display sensible improvements over linear and nonlinear predictors taken from the literature, in particular
for multistep ahead prediction. On the other hand, the simulated linear example with i.i.d. gaussian
noise shows surprisingly small performance deteriorations of NSM predictors with respect to optimal
statistical ones, which in this case can be derived, since the used models have the same structure of the
data generation mechanism.

Further applications of the NSM prediction method to real data can be found in [43], [41], [44] where
prediction of river flow, half-car acceleration and troposphere pollutants are considered, respectively.

In conclusion, the new approach to nonlinear time series prediction presented in this paper appears

to give quite promising results and is being tested on larger classes of simulated and real problems.
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